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Abstract. Today, mostof thedatain businessapplicationsis storedin relationaldatabasesystemsor in dataware-
housesbuilt ontopof relationaldatabasesystems.Often,for moredatais availablethancanbeprocessedby standard
learningalgorithmsin reasonabletime.This paperpresentsanextensionto kernelalgorithmsthatmakesuseof the
more compactrelationalrepresentationof datainsteadof the usualattribute-value representationto significantly
speedup thekernelcalculation.
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1 Intr oduction

Today, most of the data in businessapplicationsis
storedin relationaldatabasesystemsor in dataware-
housesbuilt on topof relationaldatabasesystems.Re-
lational databasesarebuilt upona well-definedtheo-
reticalmodelof how datacanbestoredandretrieved
andcandealwith mostquestionsthat revolve around
datain real-world settings,suchasefficiency andef-
fectivenessof storageandqueries,securityof thedata,
usabilityandhandlingof metadata.

Cheapstoragespaceand the efficiency of modern
databasesystemsin storing and queryingdatahave
led to the creationof very large databases,that con-
tain the completebusinessinformationof large com-
panies.Thetaskof knowledgediscovery in databases
is to find hiddenknowledgein this data,that may be
helpful to betterunderstandandoptimizethecompa-
niesbusinesses.

As thetaskof knowledgediscoveryrequirestoprocess
extremelylargeamountsof data,many usefulmachine
learningalgorithmscannotbe applied,becausethey
weredevelopedfor muchsmallerdatasetsanddo not
scalewell enoughto dealwith gigabytesof data.Of-
ten, in this casesamplingis usedin the hopeto gen-
eratea subsetof the data,that is small enoughto be
processedby the learningalgorithm but still reflects
the original datacloseenoughto give acceptablere-
sults.

To increasethe performanceand flexibility of data
mining applications,researchis currently done to
move as much of the data mining work into the
databaseto avoid costly transportof data between

databaseservers andapplicationmachines.This tar-
gets especiallyat the step of data preprocessingto
cleanandtransformthedata.Thisstepcanbeascom-
plex asthefinal learningtaskitself [8, 2]. Evenworse,
thesamepreprocessingstepshaveto betakenin order
to applytheresultto new examples.

In [4], Kietz et.al. describethat50- 80%of theefforts
in real-world applicationof knowledgediscovery are
spenton finding an appropriatepre-processingof the
data.They presentameta-databasedframework to the
re-useof KDD-applicationsthat is centeredon keep-
ing asmuchdataanddataoperationsin the database
aspossible.

1.1 Learning and Representation

The relationaldatamodel specifiesthat datais kept
in relations.A relation is a setof tupleswhereeach
attributevaluein thetuple is a memberof a fixeddo-
main. In practice,relationsarestoredin databaseta-
bles,whereeachtablerow definesa tupleof therela-
tion andeachtablecolumndefinesanattributeof the
relation,wheretheattributedomainis givenby afixed
columntype.Ideally, eachrelationstandsfor acertain
real-world concept,thatcannotbesplit up into mean-
ingful sub-concepts,e.g. a bank customer(given by
name,addressandcustomernumber),a bankingac-
cout(givenby customernumber, accountnumberand
credit limit) or an accounttransaction(given by two
accountnumbersandanamountof money).

The trick with multirelationaldatais, that the tables
do not have to betakenon their own, but canbecom-
bined to query the data in very complex ways. The



relational algebrawhich describesthe semanticsof
databasequeries– implementedin thestandardquery
languageSQL – is basedon threemainoperators:se-
lection,projectionandjoin. A selectionselectstuples
from a relationwith respectto differentcriteria.Pro-
jectionselectsattributesout of a relation.A join com-
binesthe dataof two differentrelationsbasedon the
equalityof somespecifiedattributes.While selection
andprojectiondecreasesthesizeof thedata,a join of
two tablesof size � and � canproducea tableof size��� � .

Sowhy is thataproblemfor datamining?With theno-
tableexceptionof Inductive Logic Programming[6],
most learningalgorithmscannotdealwith multirela-
tional databut arebasedon attribute-valuerepresen-
tation of the data.To generatethis representation,all
theinformationthatis necessaryfor learninghasto be
compiledinto a singlerelation,which meansbuilding
up a complex querywith possiblymany joins. Think
of combiningthepersonalandaccountinformationof
abankcostumerwith everyof his transactionsto build
up a dataset to detectfraud. By this tranformation,
the conciseand usually very natural multirelational
representationis bloatedto a large,redundantsingle-
relationalrepresentation.That is, the sizeof the data
thelearnerhasto handleis verymuchincreased.

In this paper, analgorithmicsolutionis presentedthat
allowsfor certaintypesof learningalgorithms– learn-
ingalgorithmsbasedonkernelfunctions– to makeuse
of the multi-relationalstructurebehindthe attribute-
value representationto increasethe efficiency of the
training. The discussionis restrictedto the caseof
joining two or moretables.Theextensionto thecase
of constructinganattribute-valuerepresentationusing
alsoselectionandprojectionis straight-forward.

Thenext chapterwill give an introductionto Support
VectorMachines(SVMs) asthe mostprominentrep-
resentativeof theclassof kernelmachines.Especially,
the problemof efficiently solving the SVM problem
will be discussed.Chapter3 will introducethe idea
of kernelevaluationon joineddataandChapter4 will
giveexperimentalresults.

2 Kernel Machines

2.1 Support Vector Machines

Theprinciplesof SupportVectorMachinesandof sta-
tistical learningtheory[12] arewell known,sowegive
only a short introductionto the partsthat are impor-
tant in thecontext of this paper. In particular, we will
only discussSupportVectorMachinesfor classifica-
tion. See[12] and[1] for a moredetailedintroduction
on SVMs and[11] for an introductionon SVMs for

regression.

SupportVectorMachinestry to find afunction
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Thisoptimizationproblemcanbeefficiently solvedin
its dualformulation
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The resultingdecisionfunction is given by
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. It canbeshown thattheSVM solu-
tion dependsonly on its supportvectorsW 	 , ) A ,YX
ZO\[ .
2.2 Kernels

SupportVectorMachinesalsoallow the useof non-
linear decisionfunctionsvia the useof kernel func-
tion, which replacetheinnerproduct

	 , � 	 F by anin-
ner product in somehigh dimensionalfeaturespace] �!	 , "$	 F �^
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Actually, almostevery kernelfunction, that is practi-
cally used,is a function of either the linear product
of theeuclidiandistanceof two examples,
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2.3 SVM Implementations

In practical implementationsof SupportVector Ma-
chines it turns out that solving the quadraticopti-
mization problem (2)-(5) with standardalgorithms
is not efficient enough, becausethese algorithms
often require that the quadratic matrix

] 
� ] �
	�,$"-	 F �$�r1#s�, l F s�6 has to be computedbeforehand
and storedin main memory. Threetricks can speed
up thecalculationof theSVM solutiondramatically.

Working set decomposition: To improve the effi-
ciency of theSVM calculation,Osunaet. al. [7] sug-
gestto split the probleminto a sequenceof simpler
problemsby fixing mostvariablesandoptimizingonly
on therest,theso-calledworking set.This procedure
is iterateduntil all variablessatisfytheoptimalitycon-
ditionsof theglobalproblem.Theseoptimalitycondi-
tions,theKuhn-Tuckerconditionsof thequadraticop-
timization problem(2)-(5), areessentiallyconditions
on thegradientof thetargetfunction
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Lagrangianmultipliers.Joachims[3] proposesan ef-
ficientandeffectivemethodfor selectingthisworking
set.

Shrinking: Joachimsalso proposestwo other im-
provementsto theoptimizationproblem.Usuallymost
variables

A
lie at their boundaries

O
or
<

andtendto
staytherefrom very earlyon in theoptimizationpro-
cess.This is thecasebecauseusuallytheroughloca-
tion of thedecisionboundaryis foundveryearlywhile
mosttimeis spentto find its exactlocation.Therefore,
examplesthatlie farawayfrom thedecisionboundary
canbespottedeasily. This is exploitedby the ideaof
shrinkingtheoptimizationproblem:Variablesthatare
optimal at

O
or
<

for a certainnumberof iterations
arefixed at that positionandnot re-examinedin any
furtheriteration.

Kernelcaching: Thethird trick to improveSVM ef-
ficiency involvesthecachingof kernelfunctions.Both
the selectionof the working setandthe checkof the
optimality conditionsrequirethe computationof the
gradient t of
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onceandbeupdatedby umv, 
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whenevera variablechangesfrom
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Therefore,whenever variable x is updated,the kernel
row
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is neededto

incrementallyupdatethe gradient.As mostly only a
certainsubsetof all variablesgets into the working
setat all, cachingthesekernelrows cansignificantly
improve performance.Usually a least-recently-used
cachestrategy is usedfor this.

For optimizationof SupportVectorMachines,theim-
portantobservationis thatcalculatingthekernelfunc-
tion is themostexpensivepartof trainingSupportVec-
tor Machines.

2.4 Kernel Machines

The trick of replacingthe linear productby a kernel
function to increasethe hypothesisspaceof a learn-
ing algorithm to a much greaterclassof non-linear
functionshasbeenappliedto otherlearningthanSup-
portVectorMachinesaswell, for exampleto Principal
ComponentAnalysis[10] or KernelFisherDiscrimi-
nantAnalysis[5]

For these algorithms, the sameperformanceargu-
mentsfor the evaluationof kernel function apply as
for SVMs.

3 Efficient Kernel Evalutation on Joined
Data

As already said, the compilation of multirelational
data into a single relation is bloating up the con-
cisemultirelationalrepresentationconsiderably.When
joining two tables,in theworstcaseevery row of the
first tableis joinedwith everyrow of thesecondtable.
This means,the samepieceof informationof a row
in theoriginal tableis usedoverandoveragainin the
final, singletable.But what if we could make useof
theoriginaldatainsteadof thelargefinal data?

The importantobservation is, that the inner product
of two � � � -dimensionalpoints
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can be calculatedas the sum of an � -
andan � -dimensionalinner product:
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Thismeans,insteadof akernelmatrixof size
� ��� � � 8

it sufficesto computetwo matrixesof size � 8 and � 8
of the innerproductsor theeuclidiandistancesof the
vectors

	*}0~S�
and

	*}7�Y�
, respectively, andcalculatethe

kernelvaluesfrom them.In thecaseof kernelcaching,
thistrick allowsfor afarmoreefficientorganizationof
thekernelcacheastwo independentcaches.

Seefor examplethedatasetgivenin Figure1. It con-
sistsof seven five-dimensionalexamples,so to hold
its entirekernelmatrix, sevenkernelrows have to be
cached.But actually, this dataset can be viewed as
a join of two tables,wherethe first tablecontributes
theattributes W x1, x2, x3

[
andthesecondtablescon-

tributestheattributesW x4,x5
[
. Thesetablesareshown

in Figure2. To hold therespective kernelmatrixesof
both tables,a total of only six rows hasto becached.



y x1 x2 x3 x4 x5
1 0.1 -0.3 0.2 0.3 -0.5
1 -0.4 0.2 0.1 0.7 0.6

-1 0.1 -0.3 0.2 0.7 0.6
1 -0.2 0.9 -0.5 0.3 -0.5
1 -0.4 0.2 0.1 -0.8 0.1

-1 -0.2 0.9 -0.5 0.7 0.6
-1 -0.2 0.9 -0.5 -0.8 0.1

Figure1 ExampleDataSet.

x1’ x2’ x3’
0.1 -0.3 0.2

-0.4 0.2 0.1
-0.2 0.9 -0.5

x1” x2”
0.3 -0.5
0.7 0.6

-0.8 0.1

Figure2 JoinSubsetsof theExampleDataSet.

To reconstructthedatasetfrom Figure1,wealsoneed
theinformationof Figure3 of how to combinethetwo
individual tables.Altogether, the storageof the com-
pletetablerequiresto store42valuesfor thedataplus
7 kernelrowsof dimension7, while thestorageof the
decomposedjoin requiresto storeonly 36 valuesfor
the dataand6 kernelrows of dimension3 and2, re-
spectively.

To compute a kernel row
] ,!y 
� ] �
	�,$"-	�1|�4"{>|>{>|" ] �!	�,$"$	�6��$�

, we first compute the

rowsof innerproducts
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and
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(or squaredeuclid-
ian distances,as the casemight be) in the subspaces
givenby the attributesin � and � . The rows corre-
spondingto example x in this subspacesare cached
to avoid their re-computation,asmany of theoriginal
examplesmayhave thesameprojectionin oneof the
subspaces(e.g. think of thebanktransactionexample,
where the examplesbelongingto one customercan
beprojectedto thesamecustomerinformationM, but
differenttransactioninformationN).

Thefinal kernelrow canthenbe calculatedfrom this

y row1 row2
1 1 1
1 2 2

-1 1 2
1 3 1
1 2 3

-1 3 2
-1 3 3

Figure3 JoinInformationof theExampleDataSet.

kernelrows, by eachaddingup two entriesfrom this
rows andeventuallyapplying a kernel-specificfunc-
tion

�
to thesevalues(seesection2.2).All thatneeds

to beknown to combinethesinglekernelrows to the
joined kernel row are the mappingsthat map an in-
dex x of an examplein the join table to the indexes
of its componentsin eachof thecomponenttables(as
shown in Figure3). This mappingcanbeeasilycom-
putedgiventhequerythatwould beusedto generate
the join data.Actually, the mappingis generatedby
the samequery, just thatnot all the databut only the
correspondingindex valuesareused.

3.1 CacheStrategies

Assumingthe learningalgorithmmay only usesome
maximalamountof cachememory, therearedifferent
strategieshow thememorycanbesplit upbetweenthe
differentkernelcaches.

The easiestcachestrategy is to split up the available
cachememory evenly betweenthe caches.A more
cleverwaywouldbealsopossibleto split upthecache
memorydependingon the sizeof the datafrom each
kernel.Thiswouldensurethateachof thesub-kernels
can cachethe samefraction of rows. Assumingthat
thekernelrows thatneedto becachedaredistributed
evenlyoverthekernelrowsof eachof thesub-kernels,
thiswouldbeanoptimalcachestrategy, astherewould
beanequalprobabilityof acachemissin everykernel.

Onecould alsodistribute the overall availablecache
memoryamongthe sub-kernelsdynamically. When-
ever a new kernelrow hasbeencomputedan thereis
not enoughspaceleft in thecache,the least-recently-
usedcacherow of all sub-kernelcachesis movedout
of the cache.This would be useful in the casewhere
only a very limited numberof kernel rows from one
sub-kernelis ever usedwhile muchmorekernelrows
from the othersub-kernelsareneeded.Actually, this
situationhasaninterestinglink to featureselectionfor
SVMs: The more importantthe featuresof onesub-
kernelare,the lesskernelrows of this kernelwill be
neededin later iterations,becausemostof the values
of thisfeaturesthatmakeanexamplelie farawayfrom
the decisionboundarycanbe recognizedeasilyvery
earlyin theoptimizationprocess.

As the computationof the overall kernel row from
the rows of the sub-kernelsis not trivial, it may be
a goodideato usea two-level cachingapproach:All
available memory that is not usedto cacherows of
the sub-kernelscanbe usedto cacheadditionalrows
of theoverall kernel.Especiallyfor high dimensional
data,the performancegain by not needingto recom-
putethecacherows will exceedtheoverheadof hav-
ing to maintaintwo cachestructuresby far.



Testno. 1 2 3 4 5
Cache(kB) 512 1024 2048 3072 4096

Testno. 6 7 8 9
Cache(kB) 5120 6144 7168 8192

Figure4 CacheSizein kB in thetests.

4 Experiments

For the experiments,an artificial datasetwasgener-
atedthat consistedof 1000examplesdrawn from the
cartesianproductof two tablesof 100exampleswith
dimension1000each.The exampleswhereclassified
with a linear decisionfunction with 1% of noiseand
correspondingly, a linear kernelwasused.The SVM
implementationmySVM [9] wasusedin the experi-
ments.

Thehigh dimensionalityof the exampleswaschosen
to make the calculationof the inner productbetween
two examplescostly, suchthatcachemisseswill have
a high impact on runtime. However, the resultsare
valid regardlessof thedimensionof theexamples,be-
causethesizeof thekernelmatrix – andthereforethe
cachingprocess– is independentof thedimensionof
theexamples.In termsof runtime,theonly influence
of theexamplesdimensionis a linear factorwhenthe
innerproductis calculated.

In the final SVM solution, 380 out of the 1000 ex-
amplesendedup assupportvectors.In a first experi-
ment,astandardSVM wascomparedto a SVM using
cachingof the sub-kernelswith a fixed, evenly split
cachesize.Theoverallcachesizewasvariedbetween
8 MB and0.5MB (seethetablein Figure4). A quick
calculationshows, that cachingthe completekernel
matrix on the level of the joineddatawould need7.6
MB of cacheandcachingall kernelrows correspond-
ing to supportvectorswould need2.9MB of cache.

In Figure 5, the averageruntime of two SVM im-
plementationsis compared.The line labeled”global
cache”shows theruntimeof a usualSVM implemen-
tation, that cachesthe kernelrows over all attributes.
We see,that for small cachesizes,the runtime in-
creasesdramatically(for 512kB of cache8618s,al-
most2.5 hours).For largeenoughcachesizes(4 MB
or more),theruntimestaysconstantat about114s.In
the later case,the cachewaslarge enoughto contain
the whole kernel matrix, suchthat no kernel values
hadto bere-computed.Theline labeled”local cache”
shows the performanceof a SVM that usesan own
cacheof the inner productsfor the attributesin each
part of the join. Here, the runtime staysconstantat
about118sfor all testedcachesizes.Thismeans,even
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Figure5 Comparisonof the averageruntimeof the
localandtheglobalcachingapproach.

thesmallercachesizeswerestill largeenoughto hold
thecompletesub-matrixes.In this case,theruntimeis
dramaticallyreducedcomparedto the ”global cache”
SVM!

In the experiments, the ”local cache” SVM was
slightly slower thanthe”global cache”with full cache
(118scomparedto 114s).This smalldifferenceis not
theresultof a statisticalerrorbut wasto beexpected:
getting a kernel row in the ”local cache” SVM in-
volvescombiningthe kernel rows returnedfrom the
subcachesinto a single row, which meansoneaddi-
tion for eachexamplein thetrainingset.In the”global
cache”SVM, the row hasonly to be readfrom the
cache,whichcanbedonein constanttime.

But whatif we combinedbothcachingstrategies?We
saw that the cachesizesfor a full subcachearevery
small, comparedto the completekernel cache.This
means,for all but very small total cachesizes,there
is still enoughspaceto cachesomeof thekernelrows
on theglobal level. Figure6 comparestheruntimeof
bothapproaches.Here,theruntimewith thecombined
cacheapproachwasaboutonehalf to onethird of the
runtimeof the local approach,dependingon the total
sizeof thecache.

5 Conclusion

In thispaper, a cachingalgorithmfor kernelmachines
waspresented,thatmakesuseof relationalstructures
in thedata.This allows for a muchmoreefficient and
compactcalculationof thekernelvaluescomparedto
theusualattribute-valuerepresentation.Thecacheal-
gorithm was testedfor SVMs, but can be usedfor
otherkernelalgorithmsaswell.
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Mining Mart: Combining Case-Based-Reasoningand
Multi-Strategy Learning into a Framework to reuse
KDD-Application. In R.S.Michalki andP. Brazdil,ed-
itors, Proceedingsof the fifth International Workshop
on Multistrategy Learning(MSL2000), Guimares,Por-
tugal,May 2000.

5. SebastianMika, GunnarRätsch,JasonWeston,Bern-
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