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Abstract

SupportVector Machines(SVMs) have become
a popular learning algorithm, in particular for

large, high-dimensionatlassificationproblems.
SVMs have beenshawn to give most accurate
classificatiorresultsin a variety of applications.
Several methodshave beenproposedto obtain
not only a classification but alsoan estimateof

the SVMs confidencein the correctnes®of the

predictedabel. In this paper several algorithms
are comparedwhich scalethe SVM decision
functionto obtainan estimateof the conditional
classprobability. A new simpleandfastmethod
is derivedfrom theoreticabrgumentsandempir

ically comparedo theexisting approaches.

1 Intr oduction

Support Vector Machines(SVMs) have becomea pop-
ular learning algorithm, in particular for large, high-
dimensionalclassificationproblems. SVMs have been
shawvn to give mostaccurateclassificatiorresultsin avari-
ety of applications Severalmethodshave beenproposedo
obtainnot only a classificationput alsoan estimateof the
SVMs confidencen the correctnessf the predictedabel.

Usually, the performanceof a classifieris measuredn
terms of accurag or some other performancemeasure
basedon the comparisorof the classifierspredictiong of
thetrueclassy. Butin somecasesthis doesnot give suf-
ficient information. For examplein credit card fraud de-
tection,one hasusuallymuchmore negative thanpositive
examplessuchthatthe optimalclassifiermaybeto the de-
fault negative classifier But then, still onewould like to
find out which transactionsare mostprobablyfraudulent,
evenif this probabilityis small. In othersituationse. g. in-
formationretrieval, onecouldbemoreinterestedn arank-
ing of theexampleswith respecto theirinterestingnesi-
steadof a simpleyes/no-decisionThird, onemaybeinter-
estedto integratea classifierinto a biggersystem for ex-
amplea multi-classifierlearner To combineandcompare
the SVM prognosiswith that of otherlearnersonewould
like a comparablewell-definedconfidenceestimate. The
bestmethodto achieve aconfidenceestimatethatallows to
ranktheexamplesandgiveswell-defined jnterpretableval-
ues,is to estimatethe conditionalclassprobability P(y|z).
Obviously, this is a more complex problemthanfinding a
classificationcl(z) € {—1,1}, asit is possibleto geta
classificatiorfunction by comparingf’(y|m) to thethresh-
old 0.5, but notvice versa.

For numerical classifiers,i. e. classifiersof the type
cl(z) = sign(f(z)) with anumericaldecisionfunction f,
oneusuallytries to estimationthe conditionalclassprob-
ability from the decisionfunction P(y|z) = P(y|f(z)).
Thisreducesheprobabilityestimatiorfrom amulti-variate
to a one-dimensionaproblem, where one hasto find a
scalingfunction o suchthat P(Y = 1|z) = o(f(x)).
The idea behind this approachis that the classification
cl(z) of examplesthat lie closeto the decisionboundary
{z|f(z) = 0} caneasilychangewhenthe examplesare
randomlyperturbedby a smallamount. This is very hard
for exampleswith very high or very low f(z) (this argu-
ment requiressomesort of continuity or differentiability
constrainton the function f). Hence,the probability that
the classifieris correctshouldbe higherfor largerabsolute
valuesof f. As wasnotedby Platt[10], this also means
thereis a strong prior for selectinga monotonicscaling
functiono.

Therestof the paperis organizedasfollows: In the next
section,we will shortly presentthe SupportVector Ma-
chineandKernelLogistic Regressioralgorithm,asfarasit
is necessaryor this paper In Section3, existing methods
for probabilisticscalingof SVM outputswill be discussed
anda new, simple scalingmethodwill be presented.The
effectivenessof this methodwill be empirically evaluated
in Section4.

2 Algorithms

2.1 Support Vector Machines

SupportVectorMachinesarea classificatiormethodbased
on StatisticalLearningTheory[12] Thegoalis to find a
function f (z) = wxxz+ b thatminimizestheexpectedrisk

RIf] = / | L. f@)aPla)aP@)

of thelearnerby minimizing the regularizedrisk Rreg|f],
which is the weightedsum of the empiricalrisk with re-
spectothedata(z;, y;)i=1..., andacompleity term||w||?
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where|{|4+ = max(¢, 0). Thisoptimizationproblemcan
be efficiently solvedin its dualformulation
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2.2 TheKernel Trick

The inner productz; * z; in Equation2 canbe replaced
by a kernel function K (z;, z;) which correspondgo an
inner productin somespace calledfeaturespace.Thatis,
thereexistsa mapping® : X — X suchthatK (z,z') =
®(z) * ®(«'). This allows the constructionof non-linear
classifierdoy anessentialllinearalgorithm.
Theresultingdecisionfunctionis givenby

flz) = wx®(x)+b

n
ZyiaiK(xi,x) +b.
i=1

The actualSVM classificationis givenby sign(f(z)). It
canbe shavn that the SVM solution dependsonly on its
supportvectorsSV = {z;|a; # 0}. See[12;2] for amore
detailedintroductionon SVMs.

2.3 Kernel Logistic Regression

KernelLogistic Regression 13; 5; 14; 11] is thekernelized
version of the well-known logistic regressiontechnique.
Theoptimizationproblemis similarto the SVM problemin
Equationl exceptthatanexponentiallossfunctionis used
insteadof theL1 loss:

1 .
§||w||2 + ng(_yi(w * z; — b)) = min

where
9(6) =log(1 + ¢€°)

As for the SVM, the problemcanbe solvedin its dual
formulation[6]:
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In contrastto the SVM, KernelLogistic Regressiondi-
rectly modelsthe conditionalclassprobability; i. e. P(Y =
1]x) canbeestimatediia

1
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The drawback of KLR is that typically all «; are
nonzeroasall examplesplay arole in estimatingthe con-
ditional classprobability, whereasn the SVM only asmall
numberof supportvectorsareneededo classifythe exam-
ples. Hence,KLR is computationallymuch more expen-
sive thanthe SVM.

3 Probabilistic Scalingof Support Vector
Machines

Onecaneasilyseethatthe SVM decisionfunction f (z) =
w *= ®(x) + b givesthefeaturespacedistanceof thetrans-
formedexample® (z) to the hyperplanedefinedby (w, b).
Assumingthat P(Y" = 1|z) is continuousin z, it seems
reasonablehat exampleslying closerto the hyperplane
have alargerprobability of beingmisclassifiedhanexam-
pleslying far away (the closerthe exampleis to the hyper
plane thesmallerchange$aveto beto produceadifferent
classification) Hence it seemsuitableto modelthe condi-
tional classprobability P(y|z) asafunctionof thevalueof
the SVM decisionfunction,i. e. P(Y = 1|z) = o(f(z))
with anappropriatescalingfunctiono.

Thereareseveralad-hocscalingfunctions,e. g. the soft-
maxscaler 1
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which monotonouslymapsthe decision functions value
z = f(z) to theinterval [0,1]. The scalerassumeshat
for the decisionfunctionis of the type sign(z) andhence
for z = 0 theclassifiersclassdecisionis smallestsuchthat
z is mappedto the conditionalclassprobability 0.5. This
allowsto view oggftmax #) @saprobability. However, this
mappingis not very well founded,asthe scaledvaluesare
notjustifiedfrom the data.

To justify the interpretationP(Y = 1lz) = o(f(x)), it
is betterto usedatato calibratethe scaling. Onecanusea
subsebf the datawhich hasnot beenusedfor training (or
useacross-alidation-likeapproachgandoptimizethescal-
ing functiono to minimizethe errorbetweerthe predicted
classprobabilityo (f (z)) andthe empiricalclassprobabil-
ity definedby theclassvaluesy in thenew data.Thereare
two error measuresvhich are usually used,cross-entrop
andmeansquarecerror. Cross-entropis definedby

CRE = Zyilog(zi) + (1 —y;)log(1l — z;)

(wherez; = o(f(x;))), whichis the Kullback-Leiblerdis-
tancebetweerthe predictedandthe empiricalclassproba-
bility. For comparisorof differentdatasetsit is betterto di-
videthecross-entropby thenumberof examplesandwork
with the meancross-entrop mCRE.The meansquarecer-
ror is definedby

1 2
MSE = — Z(y pi)?.
It is anappropriateerrormeasurédecausdor abinaryran-
domvariableY” € {0, 1}, theexpectedvalueof (Y — p)? is
minimizedby p = P(Y = 1). Hence thetaskof estimat-
ing the conditionalclassprobability becomesa regression
task. Theopenquestionis, whattypesof scalingfunctions
shouldbefitted to the data.
Motivatedby anempiricalanalysis Platt[10] usesscal-
ing functionsof theform

_ 1
- 1 + efaz+b

with ¢ > 0 to obtaina monotonicallyincreasingfunction.
The parameters andb arefound by minimization of the
cross-entrop errorover atestset(x;, y;) with z; = f(x;).
For anefficientimplementationsee[8].

Garczare 4] proposesa methodwhich scalesclassifi-
cationvaluesby

aa,b(z)

(2) = BLi g1 Bar,p1(2)

where B, g is the Betadistribution function with param-
etersa and 3. The parametera1, 31, a2 and 32 arese-
lectedsuchthatoveratestset(z;, y;)

1. theaveragevalueof o(f(x)) for eachclassis identical
to the classificatiorperformanceof the classifierf in
this classand

2. themeansquareerror (y — o(f(x)))? is minimized.

Originally, the algorithmis designedfor multiclassprob-
lemsandcomputesanindividual scalerfor eachpredicted
class. For binary problemsiit is betterto modify this ap-
proachsuchthatonly onescaleris generatedThis avoids
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Figurel: One-dimensionatomparisorof SVM andKLR
predictions. Negatives examplesare dravn from N(0,1)
(dotsaty=-1), positive examplesrom N(2,1) (dotsaty=1).
Both methodsfind the classborderat x=1, but the SVM
predictionis essentiallyconstanfor y outside[-1,1]. KLR
correctlyestimatesigherconfidencedor pointsnearerto
classcenters.

discontinuitiesn P(Y = 1|z) whenthepredictionchanges
from oneclassto the other

Binning hasalsobeenappliedto this problem[3]. The
decisionvaluesare discretizedinto several bins and one
canestimatehethe conditionalclassprobability by count-
ing the classdistribution in the single bins. Other more
complicatedapproachesilso exists, seee. g. [7] or [12],
Ch.11.11.

3.1 Theoretical Limitations

BartlettandTewari[1] show thatthereis atradeof between
sparsenessf a classifierandthe ability to estimatecondi-
tional probabilities. Their resultsays,in short,thatif one
is ableto estimateP(Y = 1|z) on someintenal, sparse-
nessis lost in that region. Hence,the questionarisesin
how far the decisionfunction of the SVM, which gener
ally producessparseclassifiers,can approximatethe true
conditionaldensityor the estimateof the non-spars&LR,
respectiely.

Theproblemcanbeseenn Equationl. To obtainamax-
imally accuratelassifierthe SVM containg1 —y; f (z;) |+
in its objective function, i. e. the classifieris punishedif
yif(z;) < 1 (it becomesa supportvector). In this case,
this forces an orderingon the valuesy; f (x;) wherethe
valueis the higher, the more similar the exampleis to the
restof the examplesin its classin featurespace. Conse-
quently anestimatiorof P(y;|z;) canbeconstructedrom
yi f (z;). Whentheexampleis classifiedcorrectlywith suf-
ficientmamin, i. e.y; f(z;) > 1, thisexamplegenerateso
lossandhenceno specificorderis enforcedon theseexam-
ples.Forthe SVM, all theexamplesontheright sideof the
mamgin have the sameprobability P(y|z). This behaior
canbeseenn Figurel.

What canbe saidaboutthe supportvectors?In the pre-
vious sectionwe alreadysaw that minimizing the mean
squarecerrorbetweerthe estimatiorfunctiono (f(z)) and
y givesa properestimateof P(y|z), asfor afixed z the
MSE is minimizedfor o(f(z)) = P(Y = 1jz). How-
ever, the error criterion in the SVM is the absoluteer-
ror, not the squarederror, and one can show that for a
fixed z the absoluteerror is minimizedat o(f(z)) = 1
iff P(Y = 1|z) > 0.5 ando(f(z)) = 0 otherwise.What

comesto therescuds that f(z) is notdeterminedor each
z independentlybut for all 2 together Hence,if not over
fitting occurs,at leasta valueof f(z) = 0 is anindicator
of P(Y = 1|z) = 0.5 andit seemsplausiblethat f(z)
containssomeusefulinformationaboutP (y|x).

3.2 A Simple Estimation Method

Fromthe previous discussiorwe know thatdecisionfunc-
tion valuewith | f(z)| > 1 areunreliablefor estimatingthe
conditionalclassprobability. Valueswith |f(z)| < 1 di-
rectly optimize the order of the exampleswith respectto
P(y|z). Hence the questionarisesif it is possibleto esti-
mateP(Y = 1|z) by thefollowing trivial procedure

Dy ifff(z) >1
oo1(f(2)) = { 5(1 + f(=)) ifff(z) € [-1,1]
p— iff f(z) < —1

wherep, is thefractionof positive exampleswith f(z) >
1 andp_ is thefractionof positive exampleswith f(z) <
—1. For f(z) € [-1,1], the SVM functionis simply lin-
early scaledto [0, 1]. Similarly, one candefineopp by
clipping f(z) atp_ andp, insteadof 0 and1.

The advantageof this methodcomparedo the existing
approachess that it requiresalmostwork when training
or applyingthe classifier exceptcountingthe probabilities
p+ andp_ andstill givesreasonableempirically founded
probability estimates.

4 Experiments

The experimentswere conductedon 11 datasets,includ-
ing 7 datasetsfrom the UCI Repository[9] (covtype, dia-
betes digits, digits, ionosphereliver, mushroompromot-
ers)and4 otherreal-world datasets:a businessycle anal-
ysisproblem(business)ananalysisof a directmailing ap-
plication (directmailing),a datasetfrom a life insurance
compary (insurancepndintensve carepatientmonitoring
data(medicine).Prior to learning,nominalattributeswere
binarisedandtheattributeswerescaledo expectany 0 and
variancel. Multi-class-problemswvere corvertedto two-
classproblemsby arbitrarily selectingtwo of the classes
(covtype and digits) or combining smaller classesnto a
singleclass(businessmedicine).For the covtype dataset,
a1% samplewasdrawvn. The following tablesumsup the
descriptionof the datasets:

Name Size Dimension
covtype 4951 48
diabetes 768 8
digits 776 64
ionosphere 351 34
liver 345 6
mushroom 8124 126
promoters 106 228
business 157 13
directmailing 5626 81
insurance 10000 135
medicine 6610 18

Experimentavere madewith SupportVectorMachines
andKernelLogistic Regressiorwith bothlinearandradial
basiskernel. The parameterof the algorithmswere se-
lectedin a prior stepto optimizeaccurag. The following
algorithmswerecomparedn the experiments:

KLR: KernelLogistic Regressionusedasthebaseline.



SVM-Platt: SVM usingPlatt’s scaling.

SVM-Beta: SVM usingGarczarels betascaling.
SVM-Beta-2: SVM usingbinarybetascaling.
SVM-Bin: SVM andbinning.

SVM-Softmax: SVM andsoftmaxscaling.

SVM-01: SVM andoutputf(z) clippedbetweerD and1.

SVM-PP: SVM andoutputf(x) clippedbetweenP (Y =
1|f(z) < =1)andP(Y =1|f(z) > 1).

All reportedresultswere 10-fold cross-alidated. For the

linear SVM andKLR, thefollowing resultswereobtained:

Method MSE mCRE
KLR 0.1000 0.0332
SVM-Platt 0.0912 0.0291
SVM-Beta 0.5966 o0

SVM-Beta-2 0.0915 0.0301
SVM-Bin (10bins) 0.1201 0.0384
SVM-Bin (50bins) 0.1301 0.0415
SVM-Softmax 0.0975 0.0343
SVM-01 0.0970 0.0317
SVM-PP 0.0933 0.0296

With respectto the meansquarecderror, we getthe fol-
lowing ranking: SVM-Platt < SVM-Beta-2 < SVM-PP
< SVM-01 < SVM-Softmax< KLR < SVM-Bin-10 <
SVM-Bin-50 << SVM-Beta. Sorting by mean cross-
entropy, SVM-Beta-2and SVM-PPchangeplaces aswell
asSVM-SoftmaxandBin-10.

The RBF kernelgave thefollowing results:

Method MSE mCRE
KLR 0.0748 0.0242
SVM-Platt 0.0770 0.0250
SVM-Beta 0.6009 00

SVM-Beta-2 0.0819 0.0278
SVM-Bin (10bins) 0.0939 0.0305
SVM-Bin (50bins) 0.1106 0.0356
SVM-Softmax 0.0946 0.0327
SVM-01 0.0916 0.0307
SVM-PP 0.0904 0.0289

Thisgivesthefollowing rankingfor MSE:KLR < SVM-
Platt< SVM-Beta-2< SVM-PP< SVM-01 < SVM-Bin-
10 < SVM-Softmax< SVM-Bin-50 << SVM-Beta.

A closeinspectionrevealsthattheseresultsdo not give
the full picture,asthe errormeasureseachvery different
valuesfor theindividual datasets.E. g. , the MSE for Ker-
nel Logistic Regressionwith radial basiskernelrunsfrom
10~7 (mushroomjto 0.191 (liver). To allow for a better
comparisonthe methodswere ranked accordingto their
performancedor eachdataset. The following table gives
the averagerank of eachof the methodgor thelinearker
nel:

avg. rankfrom

Method MSE mCRE
KLR 3.18 3.09
SVM-Platt 3.18 345
SVM-Beta 9.00 9.00
SVM-Beta-2 3.27 345
SVM-Bin (10bins) 5.18 555
SVM-Bin (50bins) 6.55 6.45
SVM-Softmax 5.18 536
SVM-01 491 509
SVM-PP 3.45 355

Thecorrespondingablefor theradialbasiskernel:

avg. rankfrom

Method MSE mCRE
KLR 1.82 155
SVM-Platt 2.82 264
SVM-Beta 9.00 9.00
SVM-Beta-2 427 427
SVM-Bin (10bins) 4.82 4.36
SVM-Bin (50bins) 6.73 6.73
SVM-Softmax 5.73 591
SVM-01 5.36 564
SVM-PP 3.64 473

To validatethe significanceof theresults,a pairedt-test
(a = 0.05) wasrunoverthecross-alidationruns. Thefol-
lowing tableshavs the comparisorof thecross-entropfor
thelinear kernelof the bestfive of the scalingalgorithms.
Eachrow of the tableshavs how oftenthe hypothesighat
theestimationn thatrow is betterthantheestimationin the
correspondingolumnwasrejected.E. g., the6 in thelast
row and first column shaws that the hypothesigthat soft-
max scalingis betterthan KLR wasrejectedfor 6 of the
datasets. The contraryhypothesisvasrejectedon 2 data
sets(first row, lastcolumn).

KLR Platt Beta2 PP Binl0 Soft
KLR 0 2 2 2 2 2
Platt 4 0 0 1 1 0
Beta2 4 3 0 2 1 0
PP 6 4 3 0 2 0
Bin10 7 6 6 5 0 3
Soft 6 8 8 6 4 0

Thesearetheresultsfor cross-entrop andtheradialba-
siskernel:

KLR Platt Beta2 PP Binl0 Soft
KLR 0 0 0 0 0 0
Platt 6 0 0 1 0 0
Beta2 7 6 0 4 1 0
PP 7 5 4 0 2 0
Bin10 8 3 3 3 0 2
Soft 9 9 7 9 6 0

Thecorrespondingablesfor MSE shav similar results.
Summingup, we seethat

¢ KernelLogistic Regressiorgive the bestestimationof
theconditionalclassprobability (with someoutliersin
thelinearcase).

e The bestscalingfor the SVM is obtainedby Platt’s
methodandbinaryBetaScaling.

e The trivial PP-scalingperforms comparableto the
muchmorecomplicatedechniques.

e MulticlassBetascalinggivesby far the worstresults
(which wasexpectedfrom the non-continuicityof its
methodof scalingeachpredictedclassonits own).

5 Summary

The experimentdn this papershavedthatatrivial method
of estimatingthe conditionalclassprobability P(y|z) from
the output of a SVM classifier performs comparablyto
muchmorecomplicatedestimationtechniques.
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