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A Computational Learning tale
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Task:
learning a Boolean function discriminating
polluted from non polluted regions
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A Computational Learning tale
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A tank truck runs in a
no inhabitants land

At a certain point the
tank breaks and a
polluting fluid spreads
on the ground




A Computational Learning tale

The driver gives a look on
the left, then on the right:
as no people can see him,
he restarts the engine and
goes away fast....

A Computational Learning tale
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Outline

1. Statistical basics -
L /? G
e Algorithmic inference

e Inferring a Boolean variable

* Learning a Boolean function

2. Learning tools

 Symbolic —Boolean: Decision trees, SVM

—Continuous: Linear Regression 355' :
. PN,
i)

 Non symbolic — Neural Networks

% Genetic Alg Orithms TATTAGATATTTTCTTTATTTACATTTCAAA

TATTAGATATTTTCTTTATTTACATTTCAAA
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Outline

1. Statistical basics —
e Algorithmic inference ;%
e Inferring a Boolean variable
e Learning a Boolean function
2. Learning tools
e Symbolic —Boolean: Decision trees, SVM
—Continuous: Linear Regression
e Non symbolic — Neural Networks
— Genetic Algorithms

e
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First step: did the truck pass yesterday?

Monday Tuesday Wednesday Thursday Friday @ Monday Tuesday Wednesday Thursday

e B
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A predictive approach
Inference: a way of well organizing the observed data
Inference framework: a string of cha[4 s separated by a time pointer
‘.3 e
! A lel1|o]11]o0
01001010@%0 of1|1[0]1[1]0

UT\ .
Sample ——::\\\Q\() PRI o[ 1 o110

* On the basis of what we have observed we want to predict
properties on what we will observe in the future [Laplace
1868, Fisher 1948, De Finetti 1975, Geisser 1993]

—
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Why predictive inference?

— Kolmogorov framework born when:

*Computing was costly — take sum and divide by m
*Collecting data was difficult — manage ten to hundred data
*Philosophy was still Aristotelic — God tosses dice

— Now we can:

N o e
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The mother of all samples

Uniform random variables

The integral
transform
theorem

Generic random variables

—
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Example: a Bernoulli variable

{1 P =7
X:
0 PO)=1-7

*A Bernoulli random variable X of mean p can be described
through a [0,1] uniform distribution U coupled with the
transformation

e
1 ifU<x T
0 elsewhere Pt
> X
0 1
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A suitable interpretation
u
[1]oJo][o] [ o] AJo o[ ool e[ 1] 1]o]o]e] ]ofo]o]o  1]o] ]t ]o]o] s [o]r]
Sample Population
e We don’t assume anything, apart the fact that we are
observing a same phenomenon
e
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An 1nference problem

11900 [ X J

How is 7 large?
T is:

the threshold of the sample generation mechanism
then must be argued by the sample

the asymptotic frequency of 1’s in the sample suffix
then is a r.v. specification

ECML/PKDD Algorithmic Inference in Machine Learning
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A twisting argument

UX
1100

M
m

M

X axis: sample realizations indices; Y axis:realizations of U (lines) and X (bullets)
1 1 1
1 1 1
1 1 1
8l 8 8
6 & Q [&
4 4 4
2| ‘ 2| 2

1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7

X axis: # 1’s in sample; Y axis: # 1’s in population
= P
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A twisting argument

Denoting:  k the number of observed 1°s
k,the value for kif //=7x

Logical implication (k. 2k)e=(p<7)e= (k2 k+1)

Events inclusion (K »2k)2 (H < 7[); (K,2k+1)

Probability inequality P(K, 2k)2P(Il<7)>P(K, 2k +1)

Note: we need one sample point to expressely
recognize that T>I1
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Distribution law of /7

1= Fy (k=12 Fy(m) 21-F (k)

E(m) | f

F;(0.4)=P(7r<0.4)=0.618

0.z 0.4 0.6 n.& /A
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Confidence interval for /7

Tomorrow I will
P(ﬂ-dw <II< ﬂup ): 1- 5 come at the

conference btween
P(”dw <<=z, ): Fy(7,,) = Fa(7Z4,9 and 9.30 a.m.

Fa(m) '}
0.af
0.6t
0.af
0.zf
0.z 0.4 0.6 0.8 1
T v Tp
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Favorite pivots: sufficient statistics

inducing on X" the
partition [] is sufficient
with reference to the
parameter 6 of X if the
ratio between the density
functions of two samples
does not depend on & when
the samples belong to a
same element of []. A
sufficient statistic 1s
minimal if whenever two
samples are have the same
probability, they must
belong to a same element
of [][Zacks 1971].
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Outline

1. Statistical basics
e Algorithmic inference
e Inferring a Boolean variable ‘:@I@:@% k
e Learning a Boolean function
2. Learning tools
e Symbolic —Boolean: Decision trees, SVM
—Continuous: Linear Regression
* Non symbolic — Neural Networks
— Genetic Algorithms
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Solving the inverse problem

Plz,, <M<z, )=F(x, )~ Fy(m,)>

>\ |m, -z, )" =), A=m )"

i=k+1\ 1 i=k \ 1
-

l

no(imy) o S
Z(.jﬂup(l—ﬂup) =1-9/

i=k+1

<
m m . )
=4

=

~

=~
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An experiment: 0.9 confidence region

z Z0ap

AY

150}

100¢F —

/:

The trajectories resume 10 simulations of the process with sample
and population of 20 and 200 elements, respectively.
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Point estimator

min| lim L3 (x,—a) |= lim L 3x=E[X]
n =1 n =1

a _n%oo N — oo

E[X]=- ?F[x]dxffo(l — F[x])dx
—oo 0

the Laplace
k k+1
< E[H] < rule of
m+1 m+1 succession
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Algorithmic inference

Sample Population
property m \\::IE property T

world of U1 ---Umlbm 4l - - world of
observations * gy hypotheses
ImITm 41 -

P[m is observed]  [|[] / P[II is true]
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A general 1ssue for twisting arguments

(T,2t)=[1<n)=(T, 21+

Where

e T'is a statistic on the observed sample
(possibly a minimal sufficient statistic),

e tis its corresponding realization,

e 111s a complexity index (detail) for the considered class of problems

e
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Example: an exponential variable

F(x)=1-e™
Explaining function
Xi = M
5, = C X, - 1s a statistic (a function of the sole observed data)
i=1 - is monotone with respect to A.
(A<D & (s285)
P(AS/?L):P(S/1 <¥s)
]25518/5,2/5(1){4DD Algorithrm;ﬂciizl}/f;re?ldc;i uﬁlﬂli/ﬁ:gie Learning 27 ; %;

Confidence interval

Frona)(8)=1-712
Values for S FF(m,/ldw) (S) = 7// 2

in populations
40

3o

20

Values for S

2.5 5 7.5 10 12.5 15 17.5 in samples

0.9 confidence intervals for S

o
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Reviewing the tale

\ 4

\ 4
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Outline

1. Statistical basics
e Algorithmic inference
e Inferring a Boolean variable

* Learning a Boolean function

2. Learning tools
e Symbolic —Boolean: Decision trees, SVM
—Continuous: Linear Regression
* Non symbolic — Neural Networks
— Genetic Algorithms
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The PAC model :

[Valiant 1984] For a fixed space X, consider

a concept class C on X (i.e. a set C < (X

a labelled sample z, = {x,c(x )},

drawn from X with an uknown P and labelled according to a ce C

A function A:{z, }=> (X) is a learning algorithm for C if for each
£0J € (0,1) there exists mye N such that, denoted i = A(z,,), for a
generic sample with m > m,

P[E[h+c]<€]>1-0

Err(C)=E[h=+c] is the property we want to estimate.
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Framing into Algorithmic Inference

Assume that,
estarting from a labeled sample z,, = {x;,b,}

for every suffix z,, a ¢ exists such that

Zyem = 1XC(X) ),

Then, we are interested in the symmetric
difference between an h=A(z,,) and any
such c. Defbte 1ts random measure
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A family of hypotheses for a
family of suffixes

the circle & describes the sample and
possible circles c¢; describe the

population.

® positive points, ¢ negative points
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Twisting argument

Problem:

Who tells me that

(Uc+h Sg) ?
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Where is the difference?

iee ee, o eeee o oo .'Ir-"),-f'_!- = H_ \\
3 II.rr ; W !
| !
L II"-., _a"lll .‘I
L, /o
M . M, - e
\"*-\-.. J’fl .'r
No any if we know the center of the circles,
otherwise we need more expansion whitnesses
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Sentry points
e Sentinels are outside the sentineled concept
e Sentinels are inside the invading concept
e The sentinels set 1s minimal
e Sentinels are honest watchers
ECML/PKDD Algorithmic Inference in Machine Learning 36

24/ 09/ 2004 http://laren. dsi.uni mi .it/aibook




For a general concept class
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Example: Bounding a rectangle in R”

C ={la,blx[cd], ab,c,de R} CcR>*= u=4

A
||
= || |
|
m u
|
[ ]
[ ]
|| i [
[ ]
[ b | e
[ ]
m ||
X=R?, points and squares: X and Y axis: percentage of points in
labelled sample. Err(C) for sample and population,
respectively.
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Learning a concept

All sampled points are outside the symmetric difference
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Learning a concept

Starting from S
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Learning a concept

let us draw a consistent (maximal) hypothesis
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Learning a concept

D

let us isolate the sentry points
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1s ¢ U S(c¢) included in B ?

(U.., < a)=(c+h € B )e(S(c+h) B ) (K> #S(c+h))
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A
|
| |
[ | [ |
- c+h Ny
|

| ¢ =

m | |
|
"E = -
|
- »
ECML/PKDD Algorithmic Inference in Machine Learning 44

24/09/2004 http://laren. dsi.uni mi.it/aibook




Definition: The detail of C is the maximum number of points
needed to sentinel a generic ce C:

Dc=supg . #5(c)
Theorem: If D¢ =L, and h is an hypothesis misclassifying at

least ¥ and at most ¢ points of total probability not greater than
7, then for each Pe (w,1)

L,(+1',m—t)Y2PWU, , < B) 21 ,(u+t,m—(u+)+1) (°)

where

iy 7% ' .
i=0
is the incomplete beta function.
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A first corollary:
sample complexity

L(u+1lm—-pu)=1-6

Given a concept class C with detail i, every consistent function A
is a learning algorithm such that (°) is verified if

mZmax{ Log1 SSQU )} (*)
£ 5
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Usual extension: H#C

If A 1s allowed to misclassify at most
t points, (*) 1s verified if we replace u
with u + t.

L(u+t,m—(u+t)+1)=1-9

mz2 max{2 Logl , 5.5(11+ t_l)}

£ o £
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Working on the single hypothesis

(DC+ H)h = the worst case number of sentry points for
sentinelling c¢+h against expansions due to whatever
h’e H for whatever explanation ¢ €C

t,= the numberof sample points actually mislabeled by &
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What 1s random what 1s not

PAC approach: fixed P and ce C, the asymptotic frequency
with which samples T, from P and ¢ have lo[ h+c]-
E[h-+-c]l<€ is high enough.....

Algorithmic Inference approach: given C, the asymptotic

frequency with which samples Z,  from any P and whatever
ce C have lo[h=c]- U,-;, |<E is high enough.....
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Outline

1. Statistical basics
e Algorithmic inference
e Inferring a Boolean variable
e Learning a Boolean function

2. Learning tools

e Symbolic —Boolean: Decision trees, SVM
—Continuous: Linear Regression
* Non symbolic — Neural Networks

— Genetic Algorithms
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Two widespread classes of
concepts

e Canonical Boolean forms
e Support Vector Machines
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Canonical forms

Conjunctive Normal Form (CNF)
(i Vv )A (s VsV A (v Vv, Vi)

Diusjunctive Normal Form (DNF)

(i AV AV IV (Vy AVs AV, AV IV (Vi A YY)
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Learning atomic formulas

given X and set E*of positive examples you get
monomial m

_ € set(m) if xj=1
foreachie {1,...n}, Vi{
¢ set(m) otherwise

given X and set E-of negative examples you get
clause ¢

. € set(c) if x;=0
for each i€ {1,...,n}, Vi{e
set(c) otherwise
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Building rules

Negative
examples\A
1.e.
negative
atomic \

rules

Positive example,i.e.
positive atomic rules

Gap for any
compatible

L ]
Minimal rule
hypothesis
Fuzzy
: _ enlargements to
Maximal hypothesis simplify rules
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Which are the boiling up variables?

e Boolean Ind 5 ompdneacAnalysis
o
(bICA) - Epll
5 Vg %10 Baoples—fedture;
s S ]
E 155 E—entrd —Tul& rules
3 e
e G © ) C.LH é)u Y “q FeFCHT
r ' =
. . S 4
— Galois latti 2data ‘ Ht
2 |
— Language 1 &
— Pranncitigy 2z = the lattice
subsymbolic = symbolic
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Comparison with other methods

CLASSWEB 0.20

PRISM

ECOBWESB Lf.
ECOBWEB I.f. & i.u.

72.70% 90.,30%

MONK1 MONK2 MONK3
FR - Mean Values 99,991% 72,57% 80,47%
FR - STD DEV 1,30% 2,19% 2,84%
Best Of 50] 100% 77,45% 84,49%
STATEX1.0 100% | 65,42% 71,61% | 80,86% 87,78%
Best Of 50] 100% | 68,75% 81,48% | 86,11% 94,91%
STATEX2.0 97,14% | 72,69% 71,84% | 86,53% 83,33%
Best Of 50 100% | 83,33% 78,94% | 93,21% 95,37%
AQ17-DCI 100,00% 100,00% 94,20%
AQ15-GA 100,00% 86.80% 100,00%
Assistant Professional 100,00% 81.30% 100,00%
mFOIL 100,00% 100.00%
ID5R
IDL
ID5R-bat
TDIDT
AQR 87,00%
CN2 89,10%
CLASSWEB 0.10 80,80%
CLASSWEB 0.15 85,40%

Backpropagation 100,00% 100,00% 93,10%
BackProp weigth decay 100,00% 100,00% 97.20%
Cascade Correlation 100,00% 100,00% 97,20%

ECML/PKDD
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Example: monitoring car driver awareness

. */\j\"/%y:ﬁvf

Algorithmic ——nTo T T s T ot o o T e o e o
http://Aaren. dsi.uni mi.it/aibook
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Support Vector Machines

{(x,y),i=1,...,m}

A

ECML/PKDD
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Support Vector Machines

min ZO{ ——Zaajy Y X,

b—yl

(i s.t. al.>0)

»
»
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The confidence region for
mislabeling probability

Coverages with Algorithmic Inference

U., Yellow: Vapnik Approach

Blue: Algorithmic Inference
| "'!"'illnii”l““! —

Z0

0.z
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Intervals based on margin measures

0.2 Normalized bounds and
m _ their coverage using

’ e L 20 sentry points

——

. . ] | | Optimistic bounds using
SEnannnanninns ' . Rademacher complexity

1.75
1.5
1.z5
L A realistic though
Rt unfeasible bound using
" Rad her complexit
025 I | | | | | | | | | | adcemac p y
It
P 5 7.5 10 1z_5 15 17.5 20
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Sample versus computational
complexity

Theorem: the number of sentry points of a hyperplane inferred
through a SVM is less than the number of its support vectors

Fact: the number of sentry
points ranges from

], in case of exact search
algorithm, to

ethe number of sentry
points, with degrading
algorithm accuracy

Claim: the less you pay in computational accuracy
the more you spend in sample size
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Example: Olive oil recognition

Oleic
North

il Sardinia

0.97xLinoleic + 0. 25xArachidic

Source: D. Cook, D. Caragea and V Honavar, Visualization for Classification Problems, with Examples Using Support Vector Machines, KDD2004
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Outline

1. Statistical basics
e Algorithmic inference
e Inferring a Boolean variable
e Learning a Boolean function
2. Learning tools
e Symbolic —Boolean: Decision trees, SVM
—Continuous: Linear Regression ' :;
e Non symbolic — Neural Networks -
— Genetic Algorithms
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Learning a function

1.e. learning a dense confidence region for this function
according to a contiguity notion

200 200

100 100

-100

bad god

-200

region region
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-100

-200

Learning a straight line

The labelled sample

Z = {lepy) m EX e i=1....m} C(E=x]D)"™

The sampling mechanism
yi=a+bo, —F) i =10, m

The class of concepts
C={a" +be:a be R}
we assume that 4 function ¢ exists within a class C such that, for any suffic 2

of £, (1. any continuation of the observed data), and for any (x;, y;) belonging
to the concatenated sequence &,.n

w=clr)te, t=1,.0., m + M (2]
ECML/PKDD Algorithmic Inference in Machine Learning 66
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Twisting arguments

(o < a) & (Z Wi < Z r,.')

(b<b) & (Z yilzi =T <Gl - T)
: =

And for the whole stright line

W
H
ECML/PKDD Algorithmic Inference in Machine Learning
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Confidence region

1l — Fgo(—da —ob) = 8/4

1— P}-;-L—d'rr + db) = §/4

Ab = |,31’__? 14— Aal|

ECML/PKDD Algorithmic Inference in Machine Learning
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l — Fgu(—da—db)=1— -

l — Fav(—da4db)=1— -
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The coverage
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A more complex case
1
(e34) = =Ae .
fedesA) = 5
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A still complex one

F(t)=1—¢ /oA

h(t) = ﬁ%),balogt(l +10g ) = goal function
with 5,>0,0, >1

from breast

cancer
survival
data
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1. Statistical basics
e Algorithmic inference
e Inferring a Boolean variable
e Learning a Boolean function
2. Learning tools
 Symbolic —Boolean: Decision trees, SVM

—Continuous: Linear Regression

e Non symbolic — Neural Networks

— Genetic Algorithms
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A very vague concept class:
Neural Networks

*A composition of
generic non linear

%%@ functions

*A lot of free parameters
for computing any real

function
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Only some directions for driving
the network

*Twisting argument
*Cost function
*Monotony

*Stopping rule
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The twisting argument

T, 2)y=(I<n)= (T, 2t+up)

*We expect that minimizing cost function T we minimize
goal function [ as well (right implication)

*We check [ [ minimization b y checking T minimization
(left implication)

*No robust probabilistic companion results
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Cost function

* Suitable to pivoting a twisting argument, hence
— Monotonically decreasing with the goal function
— Well defined in the whole parameter space

Example:
— Kullback distance is well suited for learning probabilities;

1(p.7)= fco(si)log[@j
i=1 ”(s,')

— MSE could bring to unfeasible values of the probabilities (e.g. not
adding to one)

MSE=3(s,-7,)
i=1
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Goal function

e A function that may be computed by a
sagacious agent in feasible time

e Monotonic game against nature

— For instance solve wisely a knapsack problem with
an approximate algorithm whose accuracy grows
with the running time
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Stopping rule

Rule 1 Starting from a set of m ezamples to learn a function f by minimizing
a cost function o as good pivol for minimizing a goal funclion 7:

use all the examples as a training set;
if o goes satisfactorily fost to 0 with training iterations
then you are OK,
else having reached at a given iteration t a suspicious almost stationary
trend of o,
repeat the training algorithm many times starting from a different ran-
dom initialization of the parameters to be learnt and stopping each
time at same iteration t,
if the variance of the last few values of o merged between the iterations
is moderately large,
then continue the traiming,
else stop the training.
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Example

Which learning process is worth to continue?

T J
m m
T 0 ; T n
Py .
. e ]
e —
e &,“
m : e P m
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The sails’ diagram

k
0.2 | I
1 z 3 4 3 [ k - %
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Outline

1. Statistical basics
e Algorithmic inference
e Inferring a Boolean variable
e Learning a Boolean function
2. Learning tools
e Symbolic —Boolean: Decision trees, SVM
—Continuous: Linear Regression
e Non symbolic — Neural Networks

% Genetic Algorithms TATTAGATATTTTCTTTATTTACATTTCAAA

TATTAGATATTTTCTTTATTTACATTTCAAA
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Another way for tuning ||
Genetic Algorithms

ACTCATTTGGTTAAAGTGCTGTCCC
GAATAACCCTTTACACGATACTAAC

Optimization rule:
given a target function on phenotype (fitness),

change and select the genotype
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The twisting argument

T, 2)y=(I<n)= (T, 2t+up)

*TT — genotype
*t — phenotype

ewe expect that optimizing the phenotype fitness of a
string we also optimize its genotype, hence the phenotype
of the whole population
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Typical learning tools

*Crossover  — exchange of independent sequneces of
underlying u’s

eMutation — different extractions from U

*Selection — identification of a genotype disW

with @ monotone with t 11(9{,@
Gy

uB U Un
?otype
Uniform random
Variables ACTCATTTGGTTAA
AGTG TCCC
X
X AN

X phenotype
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‘?otype
Uniform random

variables ACTCATTTGGTTAAAGT

™ phenotype
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